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ABSTRACT
The discovery of the first strongly lensed (µ ≈ 50) quasar at z > 6 (J0439+1634) represents a breakthrough in our
understanding of the early Universe. We derive the theoretical consequences of the new discovery. We predict that
the observed population of z > 6 quasars should contain many sources with magnifications µ . 10 and with image
separations below the resolution threshold. Additionally, current selection criteria could have missed a substantial
population of lensed z > 6 quasars, due to the contamination of the drop-out photometric bands by lens galaxies. We
argue that this predicted population of lensed z > 6 quasars would be misclassified and mixed up with low-z galaxies.
We quantify the fraction of undetected quasars as a function of the slope of the bright end of the quasar luminosity
function, β. For β . 3.6, we predict that the undetected lensed quasars could reach half of the population, whereas
for β & 4.5 the vast majority of the z > 6 quasar population is lensed and still undetected. This would significantly
affect the z > 6 quasar luminosity function and inferred black hole mass distributions, with profound implications for
the ultraviolet, X-ray, and infrared cosmic backgrounds and the growth of early quasars.
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1. INTRODUCTION
The discovery of the first strongly lensed quasar at
z > 6 (Fan et al. 2018) marks a breakthrough nearly
two decades after the first theoretical prediction of their
existence (Wyithe & Loeb 2002). Fan et al. (2018) re-
port the detection of J0439+1634, a z = 6.51 quasar
whose best-fit model predicts three images and a total
magnification µ = 51.3± 1.4. This lensed quasar is the
first example of this class detected during the reioniza-
tion epoch (Barkana & Loeb 2001; Fan et al. 2006).
Wyithe & Loeb (2002) suggested the possibility of a
high fraction (up to ∼ 1/3) of lensed sources among
high-z quasars, due to the large lensing optical depths
reached at z & 6. This fraction of the then-known pop-
ulation of high-z quasars would have had their observed
flux magnified by factors µ & 10. Thus far, none of the
∼ 150 quasars observed at z & 6 (Ban˜ados et al. 2018)
have shown evidence for lensing.
As suggested by Fan et al. (2018), this lack of lensed
sources could be accounted for by a selection bias. The
selection of z & 6 quasars requires a non-detection (or
at least a strong drop) in the drop-out band at shorter
wavelengths than the Lyman break (912 A˚). In their
detection paper, Fan et al. (2018) point out that the
presence of a lens galaxy along the line of sight of the
lensed quasar injects flux into the drop-out bands. This
effect is very relevant for partly resolved images, a likely
occurrence for high-z sources. This can thus constitute a
relevant issue in the selection of z & 6 lensed quasars. As
the drop-out bands also contain transmission windows
of the intergalactic medium (IGM), Fan et al. (2018)
caution that great care is needed in separating the con-
tinuum of the lens galaxy from the transmission spikes
of the IGM.
This new discovery has several key implications. First,
it suggests the likely existence of a population of more
modestly lensed quasars that are thus far undetected
(Fan et al. 2018). Second, if this population of unde-
tected quasars does exist, it could potentially impact in
a very significant way the luminosity and mass functions
of the earliest populations of supermassive black holes
(BHs). In this regard, Wyithe & Loeb (2002) pointed
out that the inclusion of a magnification bias in the high-
z quasar surveys could have a major effect on the abun-
dance of massive halos (Mh & 1013 M), for which the
mass function is very steep.
In this Letter we derive the theoretical consequences
of the discovery of the first strongly lensed quasar in
the epoch of reionization (Fan et al. 2018). Throughout
the Letter we use the latest values of the cosmological
parameters from the Planck Collaboration et al. (2018).
2. THEORETICAL FRAMEWORK
We employ the formalism developed in Pei (1995) to
analytically compute the magnification probability dis-
tribution, P (µ), due to cosmologically distributed galax-
ies. We define µ as the total magnification of a source
at a redshift zs, due to lenses at redshift z
′. The prob-
ability distribution of magnifications larger than µ is
P (> µ) =
∫ ∞
µ
P (µ′)dµ′ . (1)
Following Pei (1993, 1995), we distinguish between the
magnification µ, relative to a filled beam in a smooth
Universe, and the magnification A, relative to an empty
beam in a clumpy Universe. Calling A¯ the mean magni-
fication, the two variables are related by µ ≡ A/A¯. We
define the moment function Z(s|zs) as
Z(s|zs) =
∫ zs
0
dz′
∫ ∞
1
dAρ(A, z′|zs)×
× (As − 1− 0.4 ln (10)A+ s) .
(2)
The quantity ρ(A, z′|zs) is the mean number of lenses in
the range (z′, z′ + dz′) with magnifications in the range
(A, A + dA) for a given source at a redshift zs. The
probability distribution function for µ reads
P (µ) = µ−1
∫ +∞
−∞
ds exp [−2piis lnµ+ Z(2piis|zs)] .
(3)
With some analytical adjustments, this integral can be
efficiently computed via a fast Fourier transform algo-
rithm.
Assuming that the population of lenses is composed of
galaxies with flat rotation curves modeled as a truncated
singular isothermal sphere, their surface mass density
profile can be written as
Σ(R) =
σ2v
2GR
(
1 +
R
RT
)−2
, (4)
where σv is the line-of-sight velocity dispersion, R is the
projected radius, RT is the radius containing half of the
projected mass, andG is the gravitational constant. The
total mass is finite and equal to MT = piσ
2
vRT /G. For
such a population of lenses, calling δ(x) the Dirac delta
function
ρ(A, z′|zs) = 2τ(z′|zs)
∫ ∞
0
dffδ[A−A(f)] . (5)
The coefficient τ(z′|zs) is the strong lensing optical
depth between source and lens galaxy at z′ (see Pei
1995). The factor f is defined as f = l/(acrRT )
0.5,
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where l is the unperturbed impact parameter, and acr is
the critical impact parameter for double images. In Eq.
5, A(f) = A+(f) for f > 1/r and A(f) = A+(f)+A−(f)
for f ≤ 1/r, with
A±(f) =
1
2
(
f2 ± fr + 2
f [(f ± r)2 + 4]1/2 ± 1
)
, (6)
r =
[
RT cH0
4piσ2vD(zs, z
′)
]1/2
. (7)
Here, D(zs, z
′) is the angular diameter distance between
source and lens at z′, and c is the speed of light. The size
parameter r has dimensions of length−1/2 and is usually
expressed as a function of the dimensionless parameter
F = 3ΩG/[2r
2D(zs, z
′)], with ΩG the density parameter
of galaxies. Following Pei (1995), we assume F ∼ 0.05
and we check that our results are unchanged throughout
the range 0.01 < F < 0.1, which covers the full domain
of interest.
2.1. Distribution of lens galaxies
The theoretical framework described thus far to make
predictions for the lensing probability P (> µ) has to be
supplemented with a realistic cosmological distribution
of foreground (z . 6) galaxies, assumed to be early type
(E/S0) and distributed uniformly in space. The ultra-
violet (UV) luminosity function for galaxies is modeled
as a simple Schechter function (Schechter 1976):
Φ(L) =
Φ?
L?
(
L
L?
)αg
exp
(
− L
L?
)
, (8)
where L? is the break luminosity, Φ? is the number den-
sity of galaxies of luminosity L?, and αg is the slope
of the faint end. Several surveys (e.g. Schmidt et al.
2014; Coe et al. 2015) suggest that the Schechter func-
tion correctly models the distribution of galaxies up to
z ∼ 6, and possibly up to z ∼ 8 (Bouwens et al. 2014).
We employ previous results on the UV luminosity func-
tion for galaxies, which are customarily divided into two
large redshift ranges. For z < 1 we follow Beifiori et al.
(2014), while for z & 1 we follow Bernardi et al. (2010)
and Mason et al. (2015). As shown by previous studies
(e.g., Wyithe et al. 2011; Mason et al. 2015) most of
the lensing optical depth for sources at z & 6 originates
from lens galaxies at z . 1.5. The dependence of the
velocity dispersion σv on the magnitude of the galaxy is
modeled assuming the Faber-Jackson relation (Faber &
Jackson 1976), i.e. L ∝ σ4v . As the peak of star forma-
tion activity is reached at z ∼ 2 (Madau & Dickinson
2014), the stellar velocity dispersion σv is expected to
increase with redshift, at least for z . 3. This redshift
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Figure 1. The probability distribution function P (> µ, zs =
6.51) is shown for β = 2.8 and β = 3.6, and for magnification
values between µ = 1 and 100. The dashed vertical line indi-
cates the magnification factor for the lensed quasar reported
by Fan et al. (2018), with the 1σ uncertainty level shown as
a shaded region. Note that P (µ > 50) = Pobs for β ≈ 3.2.
range includes the population of lens galaxies that con-
tribute the most to the lensing optical depth. We model
the redshift evolution of the stellar velocity dispersion
as σv(z) ∝ (1 + z)γ . Following Beifiori et al. (2014), we
use the value γ = 0.18 ± 0.06, indicating a mild evolu-
tion. This value is consistent with other studies (e.g.,
Mason et al. 2015), but smaller than what found by van
de Sande et al. (2013). As discussed in Mason et al.
(2015), measurements of velocity dispersions at z & 0.5
are very difficult, and large uncertainties in lens models
result from a lack of knowledge of how the dark matter
contained in galaxies (traced by σv) evolves with red-
shift.
3. RESULTS
We are now in a position to make theoretical predic-
tions for the population of lensed z > 6 quasars. Our
model for the population of sources assumes a double
power-law shape for the z > 6, quasar luminosity func-
tion, with a faint-end slope α = 1.3 (Manti et al. 2017)
and a variable bright-end slope, as discussed in the fol-
lowing.
3.1. The population of lensed z > 6 quasars
The resulting probability distribution function P (> µ)
for a source at z = 6.51 is shown in Fig. 1. Defining
P (µ > 2, zs > 6) ≡ P0 as the probability of strong lens-
ing (µ > 2, leading to multiple images, e.g. Comerford
et al. 2002), the plot shows the result for P0 = 0.20,
valid if the slope of the bright end of the quasar lumi-
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nosity function β, Φ(L) ∝ L−β , is β = 3.6 (Yang et al.
2016), and for P0 = 0.04, valid if β = 2.8 (Jiang et al.
2016). Note that for β & 4.5 we obtain P0 & 0.92. Very
recently Kulkarni et al. (2018) predicted the bright-end
slope of the z ∼ 6 quasar luminosity function to be as
high as β ≈ 5.05+1.18−0.76.
In our case, the observed frequency of lensed z > 6
quasars is Pobs ∼ 1/150 ≈ 7 × 10−3 (Ban˜ados et al.
2018), with one source at zs = 6.51 having a magnifi-
cation factor µ ≈ 51. If we assume that this source is
drawn randomly from a population smoothly distributed
in µ, we require that P (µ > 50) ≥ Pobs. Depending on
the value of the slope β, the predictions for P (µ > 50)
vary, and we obtain P (µ > 50) = Pobs for β ≈ 3.2 (see
Fig. 1).
A discrepancy between the frequentist approximation
of the probability and the theoretically computed value
can be explained by a magnification bias (Turner 1980).
The corresponding factor B is employed in surveys to ac-
count for the fact that lensed sources are brighter than
the unlensed population from which they are drawn.
When a source with an observed magnitude m is lensed,
the probability of detecting it is ∼ B(m) times higher
than the probability of detection without the lensing ef-
fect. Following Kochanek et al. (2006), we express the
magnification bias B(m) as
B(m) = N (m)−1
∫
dµ
dP
dµ
N (m+ 2.5 logµ) , (9)
where N (m) is the number count of sources with mag-
nitude m. Assuming a typical power-law form for
the number counts in flux N (F ) = dN/dF ∝ F−α,
the corresponding expression in magnitude is N (m) ∝
100.4(α−1)m. Assuming α = 1.3 as the faint-end slope of
the z ∼ 6 quasar luminosity function, the magnification
bias B(m) varies between a value of ∼ 25 at mAB = 19
and a value of ∼ 2.5 at mAB = 23. For J0439+1634
(mAB = 21.04 ± 0.01) we thus expect a bias factor of
∼ 10. While the detection of J0439+1634 was serendipi-
tous and not necessarily representative of the population
from which it was drawn, a comprehensive probabilistic
analysis with more examples can inform us about the
value of the slope β, once the magnification bias factor
is taken into account. For any value of β < 3.6, our
predictions for the strong lensing probability P (µ > 2)
are lower than the value estimated by Wyithe & Loeb
(2002), i.e. P (µ > 2) ∼ 0.3. In this regard, Mason
et al. (2015) pointed out that early works (e.g., Wyithe
& Loeb 2002; Wyithe et al. 2011) might have overesti-
mated the strong lensing optical depth. The values sug-
gested by Mason et al. (2015), P (µ > 2) ∼ 3% − 15%,
are consistent with our estimates.
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Figure 2. Distribution of image separations at z = 6.51,
obtained assuming a Press-Schechter distribution of galaxies,
following Barkana & Loeb (2000). The shaded area indicates
the 1σ uncertainty due to the distribution of velocity disper-
sion in galaxies σv. The angular separation for J0439+1634
(∼ 0.′′2), the HST angular resolution (∼ 0.′′1) and the typ-
ical angular size of lens galaxies at z ∼ 1 (∼ 1′′) are also
shown for reference.
3.2. An undetected population of z > 6 quasars
Figure 1 implies that, independently on the value β
of the bright end of the quasar luminosity function, the
probability of observing quasars with a magnification
µ . 10 is higher than the observed frequency of lensed
z > 6 quasars. This indicates the theoretical possibil-
ity that some of the observed z > 6 quasars are mag-
nified with factors µ . 10. High-resolution imaging
spectroscopy could potentially reveal whether or not a
quasar is lensed. Furthermore, diagnostics such as the
quasar proximity zone (e.g., Eilers et al. 2017) allow
an estimate of the intrinsic luminosity of the quasar.
However, it is crucial to note that the maximum im-
age separation for J0439+1634 is ∼ 0.′′2 (Fan et al.
2018), close to the highest-resolution limit obtainable
with the Hubble Space Telescope (HST; see Fig. 2).
Therefore, it is a clear possibility that many of the de-
tected z > 6 quasars are actually lensed, with image
separations below the resolution threshold. Following
Barkana & Loeb (2000), in Fig. 2 we show the dis-
tribution in angular separations of lensing images for
z = 6.51, ∆θ = 8pi(σv/c)
2D(zs, z
′)/D(zs, 0), where
D(zs, 0) is the angular diameter distance between source
and observer. The distribution indicates that a fraction
of the lensed sources at z > 6 have image separations
. 0.′′1. Thus far, no multiple images have been detected
with the HST in samples of ∼ 10 z > 6 quasars (e.g.,
Kim et al. 2009; McGreer et al. 2013). This is equivalent
to stating that the fraction of µ > 2 magnified quasars at
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z > 6 is . 10% in current samples, leading to an upper
limit of β . 3.1 (see Fig. 1). It is worth noting that,
while the diffraction limit for the HST is ∼ 0.′′1, its
point-spread function (PSF) is very well characterized
and stable. This would, in principle, allow to discern
a point-source quasar from a multiply imaged one well
below the diffraction limit, possibly at a level ∼ 0.′′001.
For example, Libralato et al. (2018) measured proper
motions of stars by identifying the centroid of the PSF
with a precision ∼ 0.′′0003. This remark could foster a
re-examination of the HST images of z > 6 quasars thus
far detected.
Additionally, as originally suggested by Fan et al.
(2018), the current selection criteria might have missed
an important fraction of the quasar population at z > 6
because a lens galaxy in the same line of sight might
have contaminated the drop-out band of the spectrum,
leading to a misclassification of the source. It is remark-
able to note that, if we de-magnified J0439+1634 by a
factor ∼ 5, reducing its total magnification to µ ∼ 10,
its flux would have been comparable to the one from
the foreground lens galaxy and, thus, the quasar would
have been misclassified. This situation could be occur-
ring systematically for z > 6 quasars with µ . 10. As
the typical image separation for strongly lensed z > 6
quasars is  1′′ and the typical angular dimension of a
z ∼ 1 lens galaxy is ∼ 1′′ (see Fig. 2), the probability
of lensing is equivalent to the probability of having the
lens galaxy and the quasar images within the same pho-
tometric aperture. The presence of contamination from
the light of the lens galaxy is thus inevitable in strong
lensing situations. It is worth noting that galaxies that
are sufficiently massive (M? & 1010 M) to act as ef-
ficient gravitational lenses are most common at z . 1
(Conselice et al. 2016).
Next, we estimate the number of z > 6 lensed quasars
that could have been missed by current selection crite-
ria. The following calculations are referred to a flux-
limited survey with a flux limit of zAB = 22.0, in agree-
ment with the Wang et al. (2017) survey from which
J0439+1634 was drawn. Let Nobs be the number of ob-
served quasars, Nobs,l be the number of observed quasars
that are lensed, Nobs be the number of quasars that are
not observed, and be Nobs,l the number of quasars that
are not observed and are lensed. We make the underly-
ing assumption that the only cause for the lack of detec-
tion of this additional population of quasars is the fact
that they are magnified, and hence the contamination
of their drop-out spectra leads to their misclassification.
This results in Nobs = Nobs,l. We define
Nobs,l
Nobs = Pobs , (10)
and Nobs,l +Nobs,l
Nobs +Nobs
= P0 . (11)
Based on our previous results, Pobs ≈ 1/150, while P0
depends on the slope β. Solving for Nobs:
Nobs = Nobs
P0 − Pobs
1− P0 . (12)
We define the lensing boost factor as
bL =
Nobs
Nobs =
P0 − Pobs
1− P0 , (13)
where bL is the fractional amount of undetected z > 6
quasars (normalized to the observed ones), which only
depends on the overall probability of magnification P0.
Note that while a high magnification bias B favors the
observation of more sources, a high lensing boost factor
bL indicates that we are not observing a large fraction
of the existing sources. If we had observed all of the
objects that are predicted to be magnified (Pobs = P0),
then bL = 0. The lensing boost factor is the number by
which the observed BH mass function of z > 6 quasars,
ϕobs(M•, z) needs to be corrected by a factor (1 + bL)
ϕreal(M•, z) = (1 + bL)ϕobs(M•, z) . (14)
With the values of P0 considered in this Letter, the
lensing boost factor varies within the range 0.03 < bL <
12, as shown in Fig. 3. Also note that any value of
P0 & 0.5 would lead to a lensing boost factor bL > 1.
With the value of β ∼ 5 predicted by Kulkarni et al.
(2018), we might be currently missing the vast majority
of the z > 6 quasar population. With Nobs ≈ 150, the
previous range reads
5 . Nobs . 1800 . (15)
Considering the space number density of z > 6 quasars
from the COSMOS-Legacy survey Φobs ∼ 100 Gpc−3
(with an X-ray luminosity LX > 10
44.1 erg s−1, Marchesi
et al. 2016) we might be missing a contribution
3 Gpc−3 . Φobs . 1200 Gpc−3 . (16)
4. DISCUSSION AND CONCLUSIONS
We have explored the theoretical consequences of the
detection of the first lensed z > 6 quasar (Fan et al.
2018). Our results represent an advance relative to pre-
vious calculations (such as Wyithe & Loeb 2002) in sev-
eral respects: (i) we employ an updated, observation-
ally motivated cosmological distribution of lenses and
sources, and (ii) we now have at our disposal an obser-
vational point to calibrate our calculations.
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Figure 3. Lensing boost factor bL for the values of P0 =
P (µ > 2, zs > 6) considered in this Letter, P0 = 0.92, P0 =
0.20 and P0 = 0.04. The horizontal line indicates the value
of P0 that makes the undetected population equal in number
to the detected population. We assume a flux-limited survey
with a flux limit of zAB = 22.0 (Wang et al. 2017).
The probability of a source at z = 6.51 being lensed
with magnification µ > 50 depends on the slope of the
bright end of the quasar luminosity function, and we
obtain P (µ > 50) = Pobs for β ≈ 3.2. A discrepancy
between the frequentist approximation of the probabil-
ity and the theoretical expectation can be explained by
taking into account the magnification bias.
Depending on the slope β, current predictions for the
lensing probability range within 0.04 < P0 < 0.92, in
striking contrast with the observed value of Pobs ≈ 7 ×
10−3. It is thus likely that the observed population of
z > 6 quasars contains cases with µ . 10.
Additionally, the current selection criteria might have
missed a significant fraction of the z > 6 quasars, due
to the contamination of their light by lens galaxies. As-
suming that this undetected population coincides with
the set of magnified objects at z > 6, we predict that the
unknown lensed quasars could account for up to about
half of the currently detected population for β . 3.6.
Remarkably, for the most recently suggested (Kulkarni
et al. 2018) value of β ∼ 5, the vast majority of the z > 6
lensed cases of quasars is still undetected. It is impor-
tant to note that our formalism predicts the fraction of
z > 6 that are undetected only because the magnify-
ing effect of a lens galaxy introduces a contamination in
their drop-out band. The presence of additional popu-
lations of quasars that are undetected for other reasons
(e.g., obscuration, Comastri et al. 2015, or inefficient
accretion, Pacucci et al. 2017) is not taken into account
here.
We have introduced the lensing boost factor bL to
model in a compact way the effect of an undetected pop-
ulation of z > 6 quasars on the corresponding BH mass
functions: ϕreal(M•, z) = (1 + bL)ϕobs(M•, z). Future
high-z quasar surveys, employing improved selection cri-
teria, will be instrumental to setting constraints on bL
and, consequently, determining the corrected quasar lu-
minosity functions.
Some discussion is due on how these predicted lensed
z > 6 quasars are classified. It is reasonable to argue
that they are misclassified as low-z galaxies. In fact, a
contamination of the drop-out bands of z > 6 quasars
(outside the IGM transmission windows) would lead to
a failure of the photo-z determination, thus artificially
decreasing the redshift and misclassifying the quasar as
a galaxy. This is the case as long as the following two
conditions are met: (i) the flux from the lens galaxy is
comparable to or larger than that of the quasars, and (ii)
no X-ray emission is detected from the quasar. The first
condition is likely met as the lens is usually a massive
elliptical galaxy at z . 1.5 (Mason et al. 2015) while the
quasar is at z > 6. The difference in luminosity distance
would cause the flux from the quasar to be comparable
to the flux of the galaxy, even if the former is a hun-
dred times more intrinsically luminous than the latter.
Regarding the second condition, it is worth noting that
the presence of the lens galaxy in the same line of sight
would artificially increase the total gas column density,
thus decreasing the probability of an X-ray detection.
In this Letter we considered two possible solutions to
the problem of the lack of detection of lensed z > 6
quasars: (i) a fraction of the currently detected z > 6
quasars is lensed, but their images are unresolved; (ii)
the lensed z > 6 quasars are misclassified into low-z
galaxies, due to contamination effects in their photome-
try. These two solutions are complementary and not in
conflict with each other. Understanding their feasibility
requires advanced modeling of the lens population and,
possibly, ad hoc modeling of some specific lensing con-
figurations. In fact, the detectability of the lens galaxy
ultimately depends on the ratio between its flux and the
magnified flux of the quasar. More advanced models are
required to provide a final answer to the question: how
many lensed z > 6 quasars might we be missing?
An additional population of undetected z > 6 quasars
could have implications to our understanding of the
epoch of reionization. For instance, it could change our
view of the contribution of quasars to the reionization
of the Universe (e.g., Madau 2017). Furthermore, there
is a long-standing search for the origin of the infrared
(e.g., Kashlinsky et al. 2007; Yue et al. 2013) and X-
ray backgrounds (e.g., Gilli et al. 2007) and their cross
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correlation (Cappelluti et al. 2013). Our predicted pop-
ulation of undetected z > 6 quasars, with their spectra
extended from the infrared to the X-ray, could make an
important contributions to these backgrounds. More-
over, if a fraction of the currently detected population
of z > 6 quasars is found to be magnified, the value
of their BH mass would be consequently decreased, eas-
ing the problem of early supermassive BH growth (e.g.,
Volonteri & Rees 2005; Pacucci et al. 2017, 2018). For
these reasons, employing new selection criteria to better
understand the population of high-z quasars will be of
fundamental importance in the near future. Our results
strongly highlight the importance of the discovery by
Fan et al. (2018) and will guide future extended searches
for lensed quasars.
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